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Abstract 



C^^ ' Recently Navier-Stokes (NS) equations have been derived from the duahty between the 

^■"■^ ■ black branes and a conformal fluid on the boundary of AdS^. Nevertheless, the full 

correspondence has to be established between solutions of supergravity in AdS^ and 
supersymmetric field theories on the boundary. That prompts the construction of NS 
equations for a supersymmetric fluid. In the framework of rigid susy, there are several 
possibilities and we propose one candidate. We deduce the equations of motion in two 
5^ \ ways: both from the divergenless condition on the energy-momentum tensor and by 

a suitable parametrization of the auxiliary fields. We give the complete component 
expansion and a very preliminary analysis of the physics of this supersymmetric fluid. 
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1 Introduction 

Recently, several attention has been given to the derivation of the relativistic/non-relativistic 
fluid-dynamics from a gravity dual theory. This is supported by well-known AdS/CFT 
correspondence which led, in this specific framework, to new important results [H [21 [Sj 
m El El [3, El El [in]. Nevertheless, the exact duality can only be established within the 
framework of supergravity on one side and supersymmetric (conformal) field theories on 
the dual side. In the present case, it means that the fluid on the boundary must be a 
supersymmetric one whose dynamics is governed by supersymmetric equations. Since the 
bosonic dynamics is determined by a divergence-free current j'^ and a set of equations known 
as Navier-Stokes (NS) equations, we provide their supersymmetric extension and we discuss 
some implicationso 

There are few accounts on the subject. We have to recall papers [12l [13] where a super- 
symmetric extension of the Navier-Stokes equations is provided^ However, that extension 
is not the most suitable one for our purposes: there the current j'^ is encoded into a real 
superfield, whilst it must be replaced by a linear superfield. Indeed, a real superfield forces 



^A first step in that direction has been done in [TT], where the corrections to NS eqs. due to fermionic 
0-modes have been computed. 

^Note that with the terminology superfiuid is intended a quantum fluid in certain conditions where the 
quantum properties become relevant and it behaves in peculiar way 114] 



a certain dynamics which, by setting C and u - the superparteners of j^ - to zero, does not 
reduce to a generic bosonic fluid. The equations obtained in papers [121 [13] substantially 
differ from ours. Another extension of the NS equations is provided in [13] . In that work, 
the authors start from a 3d model and supersymmetrize it by adding a pair of fermions. It 
is not clear to us how to perform the same construction for relativistic 4d model. 

Our construction is obtained as follows: first, we review the derivation of the NS equations 
in the bosonic framework. The action is given in terms of a function /(j^) whose form 
depends upon the equation of state of the fluid and whose argument is the square of j'^. The 
latter is also coupled to an auxiliary field a^. 

We show that NS equations can be obtained in two ways: on the one hand, by computing 
the energy- momentum tensor and imposing the divergenceless condition. Doing so, the 
auxiliary field a^ is replaced by its equation of motion and it disappears from NS equations. 
On the other hand, is observing that the curvature of the auxiliary field a^ (viewed as a gauge 
field) contracted with the current j^ leads to the same equations without computing the 
energy-momentum tensor. This is due to the fact that the action is invariant under certain 
isometries if and only if NS equations are satisfied. We analyze in detail the equivalence 
between the two approaches since it is relevant in the supersymmetric case. 

Still in purely bosonic framework, we discuss the importance of the so-called Clebsch 
paremeterization of the auxiliary field a^ [151 [HI [H] • According to Clebsch, a^ is expressed 
in terms of some potentials whose equations of motion lead to NS eqs. The method is very 
straightforward and we will follow the same technique also in the susy case. As discussed in 
[T2I [13], there is another way to introduce the Clebsch potentials using a Kahler potential. 
We prove the equivalence with usual Clebsch parametrization and we discuss the relevance 
of that choice. 

To move on, we describe the set of superfields needed in the susy framework. The current 
j^ is taken as the middle component of linear superfield J which also contains a fundamental 
scalar field C, plus the fermionic field u. We recall that a linear superfield in 4d has the 
same number of d.o.f. as the chiral multiplet without auxiliary fields and the current, which 
appears as a 6"^ component, is conserved as a consequence of the linearity of J [TS [ [T ^ [2D[ [^ . 

As already stated, the dynamics is characterized by a function F{j'^) which determines 
also the equation of state. However, to reproduce the bosonic action, the argument of that 
function must be the current j^ itself. Therefore a new linear superfield J7^ (such that any 
value of the index /i labels a linear superfield), whose first component is the current j^, has 
to be introduced. This is obtained by acting with superderivatives on J . The auxiliary fields 
such as a^ of the bosonic theory are now encoded into a real superfield A and the complete 
supersymmetric Lagragian can be easily obtained. 

We provide the complete Lagrangian by expanding the superfields in components and 
integrating over the 6''s. Due to this expansion, the number of possible terms increases and 
the Lagrangian is really cumbersome. For that, to grasp the meaning of it, we derive the 
superfield equations of motion and we compute their bosonic sector. The energy-momentum 
tensor for the Lagrangian restricted to the physical field C is computed and some consider- 
ations are proposed. 

One important issue is the dependence of the Kahler potential. In the supersymmetric 
case the identification of the abelian real superfield A with the real Kahler potential is rather 
clear (see also [22] )• Nevertheless, the dependence of the theory upon it does not. We provide 



an argument to show that the choice of the Kahler potential does not affect the physics, but 
we are convinced that the implementation of local supersymmetry invariance coupling it to 
supergravity, might clarify this issue. 

The plan of the paper is the following: in Section [2] we review the derivation of NS eqs. for 
the purely bosonic model. In particular, in 12. II two different methods to compute them are 
compared: the divergenceless condition on the energy-momentum tensor, and the invariance 
of the action under certain isometrics; in 12.21 Clebsch parametrization of the vector field a^ 
is considered. In section 12] the supersymmetric completion of the previous model is taken 
into account, the action is constructed and explicit results are given for the bosonic sector. 
In 13.21 the supersymmetric generalization of the Clebsch parametrization is built, and the 
coupling to the linear multiplet J is written. In 13.51 the issue of Kahler potential and its 
appearance in the equations of motion is discussed. Finally, in Appendix [B] the complete 
supersymmetric Lagrangian is presented. 

2 Bosonic Lagrangian 

2.1 Action and Equations of Motion 

We first discuss the bosonic Lagrangian and we derive the equations of motion. The model 
is characterized by a divergenceless current j^ and it is coupled to a worldvolume metric 
g^y. In addition, we introduce an auxiliary gauge field a^. The gauge invariance under 
a^ -^ a^ + d^\ is guaranteed by the conservation of j^. The model is considered in 4d. 
There are two ways to get the equations of motion: the first one is by computing the energy- 
momentum tensor T^^ and requiring the vanishing of its divergence. The second method is 
requiring the invariance under certain isometrics as will be discussed later. 
Let the action be 

>C = v^ [j'-a, + /(j2)) , j2 = 3^3'' g,, . (2.1) 

Note that the equation of motion obtained by taking the functional derivative w.r.t. an 
unconstrained a^ yields j^ = 0. Therefore, the correct equations of motion are obtained as 
follow: varying w.r.t. j^ and gfj,^ leads to 

a, = -2nf)j, , T^^ = fif) {ff - g^^f) + ^f{f)g^'' , (2.2) 

and the vanishing of the divergence of energy-momentum tensor implies 

d^T,, = ^ nnf) {J.d.f - J.d,f) + fif) [d,3, - d,3.)\ = . (2.3) 

These are the usual NS equations which, together with the current j^, yield the complete 
information on the fluid dynamics. 

Since we are primarily interested into AdS/CFT correspondence, we recall that the fluid 
on the dual side must be a conformal one. That forces / (j^) to be equal to C (j^) , where 
C is a constant. This can be obtained by imposing the tracelessness of T^^ or by studying 
the dilatation properties of the action, assuming that j^ has dimension 3 in 4d. 



Notice that equation (12 .Sp can also be obtained in the following way: consider the field- 
strength associated to the abelian vector a^, F^^ = {d^a^ — d^a^); using the first of fl2.2p 
into F and upon contraction with j^ we get 

fF,, = d^T,, = 0. (2.4) 

It should be notice that, in both ways, the auxiliary field a^ drops off the equations. 

Equation (12. 4 p calls for an explanation. First of all, we observe that, being j'^ a diver- 
genceless current, action (12. ip is invariant under the gauge symmetry 5a^ = d^X. We perform 
an isometry transformation which leaves the current j^ invariant. In the form language, given 
A = a^dx^, J = j'^d^ and X = X^^d^, we have 

Cx{A) = LxdA + d{LxA) , Cx{J) = [a", Jt] = , (2.5) 

C-x{g) = (V^X, + V.X^)dx™ ® dx" , 

and in components 

6a^ = -F^,X- + d^ia,X''), 6j^ = 0, (2.6) 

Sg^^u = 9>.pd,XP + g,,d,XP + X^d.g^, = , 

where X^ are the components of the Killing vector generating the isometry commuting with 
the current Jj. Requiring the invariance of the action under such an isometry, one gets eqs. 

The condition (5j^ = (if g^^ = rj^y) can be reformulated as follows: given the vector 
field X = X^d^, the infinitesimal variation of j'^ can be expressed as 

5r = X''d,j>^-fd,X'^, (2.7) 

where the first term is a traslation parametrized by the coefficients X*^ and second term 
is a rotation with the parameter A^^, = ^{d^X^, — dyX^) due to Killing equation in (12. 6p . 
Condition (j2.7p can be rewritten as follows 

i^xf^X''dyf = A^pf, (2.8) 

which implies that the translation of the current j^ is compensated by a rotation. In the 
same way, the variation of a^ can be cast in the form 

6a^ = Axa^ + i?/a^ = X'^d^a^ + A/op . (2.9) 

Then, computing the variation of the action under a translation, we have 

AxS = j (^Axj^a.+jf^Axa^ + Axfif)) 

= J (^A^fa^+rX'^d^a, 

j (j^ (-F^.X^ + d,{a,XP)) ) . (2.10) 



In the first line we have used eq. fl2.8p and the Lorentz invariance of /(j^)- From the second 
fine to the third fine, we have used the definition of the variation of the gauge potential 
a^ under isometry (I2.6p combined with a gauge variation. Thus, the second term vanishes 
because j'^ is divergenceless and from the first term, comparing with the definition of the 
energy-momentum tensor obtained by the Nother theorem AxS = j X^d'^ T^y, it yields 

fF^, = d^'T^, = Q. (2.11) 

As a consistency condition, we must have j'^d^T^^, = 0, which can be easily verified using its 
explicit form f l2.3p . 

2.2 Clebsch Parametrization of a^ 

One may wonder why we adopt the above derivation of NS equations instead of computing 
directly the equations of motion by functional derivatives. Actually, it is possible to obtain 
them by means of variational principles, considering the auxiliary field a^ as parametrized 
by a set of potentials. Moreover, since we would like to avoid any non-trivial solution for a^, 
we impose the constraint 

FAF = 0, (2.12) 

where F = dA which, in components, becomes e^^^^F^^Fp^j = 0. This constraint is equiva- 
lent to ^ A F = dQ where fi is a generic 2-form. It can be easily shown [16] that the most 
general solution in 4d to (I2.12p is 

A = dX + ad(3, (2.13) 

where A, a and (3 are zero forms. This implies that F = da A dP and the constraints (12.121) 
follows immediately. This means that out of the four components of a^ only 3 of them 
survive the constraint and inserting them in the Lagrangian (12. ID we get 



C=(^fid,X + ad,P) + fif)y (2.14) 



The equations of motion are 



d,f = 0, 

rd,/3 = 0, 

rd,a = 0, 

d^X + ad^f3 + 2jJ'{f) = 0. (2.15) 

With simple algebraic manipulations, one derives NS equations (12. 4p . 

There is another way to parameterize the solution of (I2.12p . Introducing one complex 
field and a real function K{(f), cj)), consequently a^ becomes 

a^ = d^X + tidKd^(l)-dKdf,^). (2.16) 

If K is identified with a Kahler potential for the complex manifold spanned by 0, the second 
term in a^ is the Kahler connection. Computing the field strength F we get 

F = -2iddKd(f)Ad^. (2.17) 



Namely, the manifold is a Hodge manifold where the U{1) connection is related to the 
canonical 2-form of the complex manifold. By the Bianchi identity, it follows that the 
canonical 2-form 2i ddKdip A dcj), must be closed and therefore the space is Kahler. Notice 
that for a one dimensional complex manifold, no constraint on K is due to its closure. 

The two parametrizations fl2.13p and fl2.16p are equivalent. This can be verified by 
assuming that a and /3 are real functions of (j) and (f). It yields 

adp = idK , ad(3 = -idK . (2.18) 

By dividing both equations by a and by computing the derivative we get 

2ddK = {dKd + dKd) In a . (2.19) 

This equation can be brought to quadrature. For example, assuming that a and K are 
functions of the modulus |0p, one can easily bring the above equation to an integral form. 
If K{(j), (f)) = |</)p, then we get a = |0p and /3 = i ln(0/0). On the other hand, if K{(f), 0) = 
ln(l + |0p), then we get a = |0p/(l + |0n and (3 = 'iln(0/0). See also [15] for a discussion 
on this point. 

3 Supersymmetric Lagrangian 

3.1 Superfields, Action and Superfield Expansion 

We are now ready for the supersymmetrized version of the Lagrangian. We first construct 
the action in order to reproduce usual bosonic action (12. ip in the limit in which the fermions 
and the additional bosonic field are set to zero. A conserved current is a component of a 
linear multiplet in 4d and therefore we introduce a superfield J for it. The auxiliary field a^ 
is a component of the vector multiplet and we introduce a real superfield A. Again we face 
with the problem of deriving the equations of motion since the superfield A is constrained 
and, for that, we adopt a Clebsch parameterization. In the present case, it becomes natural 
to identify the abelian real superfield A with a Kahler potential [12] which is a real function 
of a chiral superfield 0. 

J and A are defined as followqfl 

DDJ = 0, A = A, (3.1) 

where D = —~ — {^^0)8^ and Z) = ^ + {'y^6)d^ are the superderivatives. Using a linear 
superfield J, we automatically implement the conservation of the current j^ which is its 6"^ 
component. The component expansion is given by 

j = c- th^u + '-Hi^ej^ + '-e^.ee^^^d^uj + ^(^75^)^0^, (3.2) 



•^In the following we use Weinberg notation [21]. Nevertheless, we recall that in the language of [l^ a 
linear superfield is defined as D^J — and D^J — Q. If J is a real linear superfield, J = J then the second 
condition follows from the first one. 



and for the real superfield in the Wess-Zumino gauge 

A = '-h^rea^ - ih^oex - \{e^50fD. (3.3) 

The hnear superfield contains one constrained vector j^, one scalar field C and one Majorana 
spinor u. The vector can be duahzed as j'^ = e'^"^'^ Hupt^ where H^^p is the field strength of 
a 2- form potential Bp^. The latter can be further dualized into a scalar and therefore the 
linear multiplet has the same d.o.f. of an on-shell Wess-Zumino multiplet. 
Supersymmetry transformations are given by 5$ = aQ^ or, in component 



Sf = -aY'd^u , 


6ap = a'jpX , 


6uj = {-ii^YdpC + -fpf) a , 


5X = -(tD^, + Fp,rnc^ 


5C = i 0750; , 


SD = i a'j^Ydfj.X . 



Using the properties listed in the Appendix A it is possible to show that 

f d'^x j d^d[~JA] = I d^x[fap + QX- CD] , (3.4) 

which is the supersymmetric generalization of (12.11) . In order to reproduce also the second 
term in (12. ip . we need to introduce a new superfield defined as 

J^ = ^{D^^^pD)J, (3.5) 

which contains j^ as the first component and its expansion is 

J^ = ^{D^,^pD)J = j^ + e-fp,d''uj-'-h5Y0{d^d,C-gp,nC) + 

- ^HoHY{9f.unuj-dpd,u) + ^{H.ofajp. (3.6) 

It should be noted that all terms in the above expansion are divergenceless. This can also be 
proven directly by the D-algebra and because of the linearity of the superfield J. Moreover, 
the new superfield J'p is itself a linear superfield. This can be seen by observing that each 
component of the superfield J7^ is in the same relation with higher terms of the expansion as 
the components of the superfield J, and it can be checked by direct use of superderivatives. 
Therefore the complete supersymmetric action is given by 



S 



fd^x fd^e(^-JA + F{JpJ^')J^y (3.7) 



The minus sign in front of the first term is choosen to reproduce the normalization of the 
bosonic Lagrangian. The coefficients are chosen in order that (13.71) coincides with the nor- 
malization of the bosonic Lagrangian where /(j^) = F{j'^)j'^. The argument of F, namely 
JpJ^ ^ is a dimensionful superfield and therefore it would be convenient to rescale it by a 
dimensionful parameter. In the following, we will discard that parameter and we set it to 1. 
As discussed above, we would like to deal with superconformal fiuid. For that, we require 
that the theory is conformal and supersymmetric, thus superconformal invariance follows. In 

7 



particular, we first impose the dilatation properties of F and it turns out that F (x) = Cx^^l"^ . 
That guarantees the conformal invariance of the action. The superconformal transformation 
rules for J are deduced by its geometrical properties. 

To compute the component action, we need the expansion of Jp^J^ and, using (13. 6 p we 
get 

+ h^l^O {^3,^C - 13 ■ dd,C + d,uj, ^u - ^d'uj.j.d^u) + 

+ \idi5Of U^^nf + dpd,cd''d''c + 2ncnc+ 

+ dpud^u + d^u-ipyd'^oj - 2Uijj ^uj) , (3.8) 

similarly, for J^, we have 

+ -{ee)uuj + -(^75^)w75W + ^757/.^(« Cf + -W757^w) + 

+ \{h^ef{cnc + 3^-u^uj). (3.9) 

Notice that the choice /(j^) = F{j^)j'^ does not spoil the generality of (13. 7p since it 
coincides with bosonic Lagrangian if /(j^) is defined up to an unessential constant. Action 
(13. 7p is chosen such that, by setting C and u to zero, it exactly reproduces the bosonic 
Lagrangian (12. ip and the corresponding NS equations. The presence of two different su- 
perfields, namely J and J7^ in the Lagrangian is needed because of dimensional reasons or, 
equivalently, because J does not start with j^. 

In components the supersymmetric Lagrangian turns out to be 



r 4 

/ d\ fa^ + CUX-CD+ f d'9J^ J2 V^'^ (-^''^ (^'^^'' 



fy 



(3.10) 



where we expanded the function F around the first bosonic component of Jp,J^. The first 
term in the expansion reproduces the bosonic Lagrangian, while the other terms are classified 
according to their dimensions. Notice that the computation of the component action is made 
unhandy by the fact that there is a product of two or more superfields {J^J^ — j'^yj'^. After 
the ^-expansion is taken, one needs to compute all Fierz identities to simplify the expressions 
and, finally, the integration over the 6 variables can be taken. 



+ 



The first two terms in the expansion are 

I d'x{ [F^'\f){CnC + j,f - ui.d'-u)] + 

'F^'\f) ( - Cij.nf + (d^d^cd^d'^c + 2ncnc)] + ACff (d.d, - r/^,n) c+ 



+ 2Cd^d^CuYd''uj + 2Cj^d^Q-ipd„ue^"'P'' - 2iCfu-i^d^^u + 2iCfuj-i5-ipUu + 2fu^u+ 

3 1 

(3.11) 

As can be seen from this expression, these terms contain the interaction between the current 
j^ and the fields C and to. The part proportional to F^^^ contains terms with four fields to and 
therefore their self-interactions. In the forthcoming section, we will discuss the implications 
of those terms. Even though the action might seem bulky, it is a good starting point for the 
perturbation theory since the expansion is done in terms of higher derivative terms. 

Since the resulting action is rather cumbersome, we find convenient also to provide its 
bosonic truncation 

I d'x [j^a, -CD + F'^'\f){CUC + 3,3^)] + 

+ j d^x [F^'\f) ( - C^j^^nr - C^ (dpd, - g^^n) C id^d" - g'^-'D) C+ 

+ J d^x [f(2)(j2) ( - ACYf {d^^dp - g,,pD) C {8,8^ - 5^0) c)] . (3.12) 

The bosonic action truncates at the second order in F, since all other terms are purely 
fermionic. This is due to the fact that in the expansion of the third power and of the fourth 
power, only those terms with a single 6 contribute to the expansion since we have decided 
to expand around j^. This simplifies the derivation of the energy- momentum tensor for the 
bosonic sector as we are going to discuss in the forthcoming section. In appendix B, all other 
terms are given. 

3.2 Clebsch Parametrization for the Supersymmetric Case 

We discuss here the Clebsch parameterization for the supersymmetric case. Here, the gauge 
field Qp is replaced by the real superfield A and therefore we have to parametrize it using a 
Clebsch parametrization as above. As suggested in |22] and in |2l] we identify 

^ = X + X + ^(0,0), (3.13) 



where x-, ^ind Xi ^ire chiral and anti-chiral fields, respectively. -ft'(0, 0) is a Kaliler potential 
represented by a real function of the superfields and 0. The condition to be Kahler is 
dK, = where )C is the canonical 2-forni of the complex manifold spanned by and 0. 
Since the complex manifold is one dimensional, no interesting condition emerges from this 
constraint. 

The identification in fl3.13p implies that the Fayet-Ilioupoulos term induced by the abelian 
gauge field A is given by 

Sf-i= I d^xd^eA= I d^xd^eK{(t),4)) , (3.14) 

which generates the dynamical equations of motion for the chiral fields (see for example |22] ) . 
In our case, however, this term is replaced by 

S= I d^xd%-JA + ...)= I d*xd%-J{K{(t), 0) + X + x) + • • • ) • (3-15) 

So, a fundamental difference is the absence of a naive kinetic term for and 0, but they are 
replaced by the superfield expansion of JK. The chiral field x ci-nd x implement the linearity 
condition on J . 

Let us now consider the first term of action (I3.15P which, after Berezin integration reads 



S= / d^x]-K{^,^)UC+ 



IcDyp-^^V^^^A + z^^ 



dK I ifd^^ + -CU^ - i^i)L^X + i^X^ipL ] + c.c.+ 



- ^d^K (Cd^ipd^'ip - V2id^ip^PLYx) + C.C.+ 

- ddK {2\P\'^C - Cd^ifd'^ip + v^zPiPrX - V2iPipLX+ 

y/2 _- y/2 

-U^B^KC^r^riPl^Pl, (3.16) 

where the chiral and antichiral superfields (respectively 0) are defined by condition 

i^D0 = O, i±^i;0 = O, (3.17) 

and its components include a left-chiral spinor field -0^ = {^-^) "0 (respectively right- 
chiral -0^;;) and two scalar complex fields >p and P (respectively (p and P). The expression 
Q^ = i (dKd^Lf — dKd^Lp) — iddKtpL'j^tpR is known as the Kahler connection. Action (\3.7\j 
contains a piece which depends upon the superfield A. Inserting the above expressions into 

10 



fl3.10p . we get an action which depends upon the components ^^'ipi and F of the superfield 
(p (and its conjugated). Differentiation w.r.t. those fields, leads to the equations of motion. 
Truncating the action to its bosonic part, the first term in fl3.7p reads 



S = d X 



\kUC - if {dKd^^ - dKd^^) - ]-C {dKU^ + dKU^) + 
- -C [d^Kd^^d^"^ + B^Kd^^d^"^) - CddK (2|P|2 - d^^d^"^) 



(3.18) 



where the Kahler potential K is evaluated on ip and its conjugated. Notice that, if we 
integrate by parts K\3C, the above expression simplifies considerably and becomes 



S= I d^x [ij^^ {dKd^ip - dKd^^) - 2CddK {\P\^ - df.ipd"^)] 



(3.19) 



(3.21) 



The Lagrangian is diagonal in the auxiliary fields P and their equations of motion (at the 
lowest level) imply either C = (fluid dynamics approximation) or P = P = (which is the 
supersymmetric dynamics) . 

To compute the equation of motion for the action, we recall that the expansion of F is 
given in 13.121 Varying w.r.t. (f we get 

2ddKd^^ {if - d^'C) - 2CddKU^ - 2CddKd^,(pd^ip = . (3.20) 

Analogously, we can get the equation of motion for (f. For j^^ it reads 

z [BKd^^ - dKd^^) + 2F^^^f {cue + f) + 2Fj^+ 

- 2F^'^c%j.nf - n (pwc^j,) + 

- F'-'^C'Dj, + 8F^''>f {d,d, - g^^D) C - 8F^'^C'j^+ 

- AF^^^C^f {d^dp - g,pU) C {d,dP - 5^n) C = , 

last, the one for C is 

2ddKdf,ipd''ip + FDC + DFC - 2P(^)Cj^nj^+ 

+ 2F^^^d^d,Cd^d''C + 2d,A (F^'^C^d^d'C) + 

+ AF^^^C (DC)' + 4n {F^^^C^nC) + AF^^^ff {d^d, - g^.U) C+ 

+ 4 {d,d, - g,.U) {F^'^ffC) + 

- AF^^^Cff {d,dp - g,pU) C {d.d'' - 5^n) c+ 

- 4 id.dp - g,,n) [F^^^C^ff {d,dP - 5PU) C) = . 

3.3 Superfield Equations 

Action (13. 7p is written in terms of a linear superfield J and a real superfield A. For those 
superfields, the usual functional derivative cannot be used and therefore we cannot obtain 
the equations of motion by usual means (see [23] for a complete discussion). To overcome 
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(3.22) 



such a problem, we add two auxiliary generic superfields Z, S^, one chiral superfield x and 
one anticliiral superfield x- 
The following action 



S 



d'xd^e -J{A + x + x))+F [ -{D^,^^D)J 



1 ,^ 



Ai 



J' 



1 ,^ 



d'xd^el-J{A + x + x))+F[JV' + S''[-^XD^5l^D)J-J^n , (3.23) 

turns out to be equivalent to f l3.7p . The chiral and antichiral superfields x^X impose the 
linearity condition on the superfield J. 

As already discussed above, in order to get the correct equations of motion, we replace 
the superfield A with the Kahler potential. Then, we have 



(3.24) 



Sk = / d^xd'^e -J{K{<f), (P)+x + x) + F[JV + S^ -{D^,^^D)J - J^ 



Ai 



from which we can get the equations of motion by taking the functional (constrained) deriva- 
tives with respect to superfields J, 0, 0, S*^, x, X to get 



j; 



DDJ 



^ At 



DD{J 






Ki<p,^) + X + X-2JF[J' 



Ai 



{D^,1,D)S^ 














(3.25) 



To study the above equations, we proceed as follows. The first eq. in (I3.25P implies the 
linearity of J (and therefore its 9 expansion is given by (13. 2p ). Then, we plug J into the 
second equation for computing the vector superfield JT"^. Subsequently, we plug JT"^ into the 
third equation to evaluate S^ and finally, by all those results, we can compute the value of 
K in terms of the superfields and 0. Given that, eqs. (13.250 become the new NS equations 
only written in terms of the linear superfield J which contains the physical degrees of freedom 
of our super-fluid. 



3.4 Bosonic Sector 

In the present section, we study the model by setting to zero the fermions. We first derive 
the Lagrangian as a function of the fields j^ and C and then we provide a new Lagrangian 
with new auxiliary fields which simplifies the derivation of the energy-momentum tensor. 
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The bosonic part of the Lagrangian is (up to a factor y/—g) 
Cbos=3^a^-CD+ 

+ F(i) [f) [-C^j^Uf + C^d.d^Cd^^d'^C +2C^ {UCf + AffC {d^d, - g^,U) c] + 



+ 2^^'^ (^■') [-^^'^■^^■'^ (^M^p - ^MP°) c (^"5. - ^.^n) c] . 



We define the quadratic differential operator 



(3.26) 



M, 



/lU 



d^d,-g^,D, d^M, 



ixu 



0, 



D 



-^^"^M 



^v ■ 



(3.27) 



ACj^j'B,,] + 



(3.28) 



and we rewrite (I3.26P with the Lagrangian multipher S^" 
Cbos=ra^-CD+ 

In this way, we confine the covariantization of the differential operator M^i, in a single term 
and the derivation of the energy-momentum tensor is greatly simplified. We now compute 
the equations of motion for C, B^^ and j^ respectively 



D 



2F(i)C + 2F(i)fi„^fi^^ + AF'^^^ffB.^+ 



■'/ii/ 



1 



- AF^'^CffB.pB^^gf"' - -F^^^g^'^B^, - M^^S^-" 



(3.29) 



^/.z. _ _ 2f(^)b^"'C^ - ACff + AF^'^'^C^ffBp^g'"' + -F^'^'^Cg^" , (3.30) 

+ D (F^i^C^j^) -8F^^^CB^^f - F^^^Ni^+ (3.31) 

+ AF^'^^CB^pB^^gP'^f - 2F(i)j^iV[2] - 2F(o)j^ , 

where A''[o], N[i-^ and N[2] are the terms in (I3.28P proportional to F^^\ F^^\ and F^'^\ respec- 
tively. 

In the case j = 0, the Lagrangian (13.281) coupled to worldline metric is (we set F^^^ = 
F(i) = 1) 



£ 



bos 



3=0 



Cg'^^g'^'^B^^BP- -CD- ^Cg^'B^, + S^'' (B^, - M,,C) 



(3.32) 
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The equations of motion for C and B^^ are 

D = 2Cg^Pg''''B,,BP'' - ^g^'B^, - M^.S^^^ , (3.33) 

and 

g„u ^ _2C^B^"' + -Cg^"" . (3.34) 

Finally, for this simplified Lagrangian we derive the energy momentum tensor. We obtain 



T^^ = - g'^'C DC - -g^^'dPC dpC + d^C d'^C- 



(3.35) 



- ^g^'^c^ Vd^c Vpd^c - rg^^c^ DC nc+ 

- 2gf"'C dpC d^CVd^'C - Ug^'^C^ dpC 9^nC+ 

- ?>g^"'C'' UUC - Sg^^'C dpC d^C UC+ 

- C^ DC V'S^C + ACdpCyPd^^'Cd'''^C+ 

- 2C dPC dpCW^'d'^C + QC^ d^^'CV'''^UC+ 

- C^ V^V^S'^C dpC + 8C a^C d^C DC . 

We prefer to analyze only the equations of motion with the Clebsch parametrization and 
the case a; = 0. This gives novel dynamical equations. 

3.5 Dependence on the Kahler Potential 

We have to discuss the dependence of the equations of motion upon the Kahler potential. 
For that, we discuss only the bosonic sector and we observe the following identity 

-fFp, + Cd,D = -Adp [ddK C{d^^d,^ + d^^d,^)] , (3.36) 

where the r.h.s. can be also be written as d^{CG^'^) where G'^'^ is the inverse of the Kahler 
metric. It appears as a total derivative. However, we cannot discard such term. The reason 
is that it does not follows directly from the action, namely it is not a total derivative term 
derived from the action. Nevertheless, we can show that it is harmless and, at least in the 
rigid case, can be discarded. 

The left hand side of (I3.36P can be obtained by the same method as in sec. (2.1). Indeed, 
by requiring the invariance under an isometry and using the same equations as above we get 
a new equation of the form 

f d^xX^ {-fFp^ + CdpD) = -4 / d^xX^d^ [ddK Cid^'^d^^ + d^'^d^^)] . (3.37) 

Now, we can use the integration by parts in the r.h.s. and by using the fact that X^ must 
be a Killing vector for the flat metric we can easily conclude that the l.h.s. of (I3.36P is 
effectively a total derivative and it can be discarded. A complete proof of this statement 
would be very interesting showing that the dynamical equations of motion are independent 
of the parametrization of the gauge field A. 
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4 Conclusions 

We propose a new supersyinmetric action for supersymnietric fluid dynamics. We discuss 
several aspects such as the new NS equations and the derivation of them. A discussion on 
the Clebsch parametrization is proposed and the derivation of the superfield equations is 
done in that framework. There are several open issues: 1) what is the dynamics described 
by the present action? 2) what is the role of the boson CI 3) a fluid described only in 
terms of fermionic field can be discussed by setting to zero both j^ and C. We believe that 
the study of the present system in the context of supergravity might shed some light on the 
coupling with the worldvolume metric and finally the susy partner of T^^ can be computed. 
We leave the discussion on supergravity to a forthcoming publication. 
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A Fierz Identities 

We list here some of the properties of Majorana spinors and some useful Fierz Identities: 

siMs2 = S2Msi if M = 1,75,757'', ,^^. 

SiMs2 = -S2MS1 if M = 7^^, -f^"" . ^ ' ^ 

The Fierz Identities for 2 identical spinors read 

99 = -^{99 + 9j,9j, - ^757^^757'') , (A.2) 

while those for 3 spinors are 

-75^^75^ 

-7^^^75^ 
Using flA.3|l it is easy to show that the following identities also hold 



^(^757^^) = -7^^^75^- ^^'^^ 



{99f = -{H0)\ 
{h5lM^l5luO) = -r,,u{9^,9f , (A.4) 

{99){9^,9) = (99) (9^,^,9) = (h^O) (9^51,0) = 0. 

Finally the integration measure for Grassmann variables is 

d^9{9-f50f = -4 . (A.5) 
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B Complete Lagrangian 



Here we present the complete expansion of the supersymetric Lagrangian (13. 7p . This can be 
rewritten as 



£ 



j d^x j <f9i-JA + Y,\P^^^A ' (B-1) 



where F*^*) is the order i-derivative of F{J^J^^) computed at J^J^ = j^j^ and 

L,={J,J^~j,fyj\ (B.2) 

In the following we show the explicit form of the four Lj. To perform the computation we 
developed a program written in FORM language (see [25] and references therein) which, given 
a set of superfields expanded in components, returns as result any desired combination of 
these fields, integrated over d^6. The subroutine structure of the program allows us to check 
every intermediate passage, or to use each single procedure to perform different calculations 
such as Fierz identities or gamma manipulations. 

Notice that only Li and L2 has purely bosonic terms (lB.3aP and ( ]B.4ap . 



Li=-C^ [j^^Df + (d^ACd'^d'C + 2DCDC)] + 

+ ACff {d^d, - r^^,U) C+ (B.3a) 

+ ACDCio0io+ 

+ 20j^8,u^p8,uje^'''"'+ 
-2iOfu-1^8^,^uj+ 

+ 2iOfQ-i^-i^Uoj+ 
+ 2fu^uj+ 

- 2f3'uj-i^8,uj+ 

- if {81,8^ - r]^^U) Ou)-f5Y^+ 
3 

- -uu8^u8'^u+ 

1_ 

- -00008^00'^^" 8yU + 

3 

+ -Q'y^ijj8^U'y^8^u+ 

16 



1_ 

+ -w757mW'9i.w757^'9''c<; , (B.3b) 



L2 = - ^C'ff {d,dp - v^pD) C {8,8" - 5^n) C+ (B.4a) 

- 2C'^f {8^8„ - r]^^n) C [8^u^„8rUjeyi,„r - Qi8''w^^^uj + i8pU^^^''8''uj] 
+ eC^nCj^ [8^u^p8„ue^''P" + 2i8^u^5^uj - 2i8^u^^^^'8''u] 

+ 2C^j^ {8^8, - r]^,U) C8pGj^'^8,uje^''^''^ 

- AiC^ {8^8, - Tj^^U) Cf8^u^,^p8''uj+ 
9 
4' 

- C^(9^CJ75(9^cJ(9^^w75(9'^w+ 
3C29^a;759^w9^a;757'^^9pW+ 
2C^8^u^^Y8^uj8^u^^ ^u+ 



-0^8^008^008^008" oo- 
+ ^C'^8^oo8^'uj8^oo^''P8pUj+ 

4 

■y2/ 



+ hj^8^uj-i^Yd''uj8p0o-i^-i,8Pu+ 

+ 4C25''a;75 ^oo8f,oo-f5 ^oj+ 
+ C^8^ooY''8^u8pOoY''8„u+ 

- C^8^oo^,Y''8,oo8pOo^5Y^8^oo+ 
+ 4C'rf8^oo^,Du+ 
-AC^ff 8^8,00 ^00+ 
~AC'ff8pOo^^8,8pOo+ 

+ AC^f 000^00+ 

+ AiC^fj^8,oo^^^p8r8,oje^'''^+ 

- ACf [jp8,u:^„8puje^'''" - 2if8^oo^^^uo + 2if 8^0:^,^,8^00] + 
+ AiCfff8^u^,^,8pOo+ 

-SiCff 8^00^,^00+ 
+ AtCff8,oo^,^^8''oj+ 

- 8Cff {8p8, - r]p,n) Coo^u+ 

+ 8Cff i8,8p - r],pn) Coo^,8Poo+ 

+ 8iCfjp {8r8, - gr^U) Coo^,^p8^ooe^'P''+ 

- 8iCj'^oo'^i,8pOo8^oo'^,^oo+ 

+ 2iC j^oo'^ p8^u8,oo'^,Y d"" 0J+ 
+ 8iCj^oo^oj8^oo'-i,^oj+ 

- 2iC j^oo ^oo8yOO'^,'^ ^8^" 00+ 

- 2Cj^oo^,^,8pu8rOo^,^.8^oje^'''P''+ 
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— QiC j fj^uo'^^'^^'' duoodpood^ UJ+ 

+ uu [ffd^Qd.uj - fdpud^u + 2fj,d^uY'dpU - fdpQ^^'^d.uj] + 

+ ^750; [-ffd^u-i^dyuj + fdpu-f^d^'u - 2fj^dpU-f5Y^dpUj + fdpU-f^-f^^'d^uj] + 

+ j^^757^w [-ie''^''''j„dpU-f^drUJ + 2fd^u-f5^u - 2fdpU}^^^ydPuj] + 

+ oo^.^puj [-ie^''^''fj,dpUo^rd.uj - ffd^u^.^dpco + 2ffd,u^,^pd''uj+ 

-2fd''io-f5 0uj+3^d:.io-f5Yd''uj] , (B.4b) 



L3 = + 12C^ {d^d, - gp,n) C [ffjrdpij^xd.ioe^'''^ + 
-2i fffdpoo^.^oo + 2i fffd''u:^,^pd„uj + 
+3^frd^cu^pd[sue''''''^ + I ffrdpu^.rd^oj + 
-2i fffOpOo^^lad'co + 2t (j ■ j) fd^co^, ^u + 

- 6C2j'^j^5^a;5^w(9pW7^"(9^w + 

- '^C'^2^2''dPGjdpUjdpGjd^uj + 

+ 9C2 (j . j) d^Gjdp,ujd''Gjd^uj + 

- l^C^ 2" jpd^Gjdpud^Gj^'"' d,uj + 

- ISC^ (j ■ j) 9^w9^a;9^a;7^^(9pa; + 

+ 9C'j'^j^9^a;759pa;9,w759pW + 

- 9C^ (j • j) d^u^^d^wdyuj^^dyuj + 
+ 18C2j^jp9^a;759^c^9,c^757^'''9.c^ + 

- 15C2 (j . j) d^u^,d,ujd,oo^,^''PdpUJ + 
+ 32C2j^j,9,d;7^9,a;9'^a;757A9.a;5""^^ + 

- UtC^fj^d.Q^^dpud^Q^^^^dxUJe''''''' + 

- 12^C2j^j^9,a;7p5.cu5Aa;75^c^£^"''" + 
+ ^iC3^3,dpU-i„dy^ujd''u-i,-i,d^uje''P^'' + 

- 6C^/j''(9^w757p(9pa;(9^c<;75^w + 

- QC^ f f dpw^^^pduujd" uj^^^^dpuj + 
+ "iC^fj^dpU-i^-i^dpud^u-i^-ipd^u + 

- 18C2j'^j"9^d;75^w9,w75^cj + 

+ ?>QC''ffdpQ^^^ood''oo^^^,d„u + 

- 6C2j'^j-9^a;757p<9pa;9'^a;757.-9,c^ + 



+ 3C^ffdPcu^,rdpUjd,u^,^,d^u + 

- 18C^ (j ■ j) d^co^,Yd^cod,co^,^co + 
+ 3C^ (j ■ j) d^u^5rd^ud^iu^,^,d,oj + 

+ 24 (j ■ j) C29'^a;75^c^5^cl;75^a; + 

- 12C^ffdPoo^,^ood,oo^5l^.d,uj + 

+ 6C^ (j ■ j) 9^a;7^"5.w5p^7"''5.c^ + 

- 6C2 (j . j) 9^a;757^"<9,a;9,w757"''<9.c^ + 

+ 8iCfffuj-ff,d^ujdpUJ-f5^u + 

- 8tCfffu^^d,ud^u^,^,d^oj + 

- ACj^fru^^dpud^u^^d^ue'^P''^ + 

- AiCfffu^^d^ud^u^.^^dpCu + 
+ 8tCfffco^^d''cod,co^5lpdaCO + 

- 8iC (j ■ j) j^u-f^d^ud^u-f^^u + 

+ 4^C (j ■ j) fuj^^d'oodPoo^^^^dpUJ + 
+ AC (j ■ j) jpQ^ud^Q^pd^ue^^'"' + 
-4iCj'^j''j^w^w9pa;757M<9^w + 
+ AiC (j ■ j) foo^udPu-i^-i^dpOO + 
+ 82Cj'^j^j^d;757'''9^'^5p^7.'9.c^ + 

- 8iCfffuo^^^^d"oodpU:^,d,uj + 

- 8iC (j ■ j) fu-i^-i^d^udpU-ipd^u + 

- 4Cj^j^jpa;757.'9Aa;9,a;757a9pU;e^^'^" + 
+ 8Cj^j^jpC^757.'9Aa;9,a;757p-9„a;5^^'^" + 
+ AC (j ■ j) jpa;757.'9pa;9'^a;757a<9.a;£'^'"^" + 

- 8C (j ■ j) j^a;757.9,a;9,d;75 ^c^^^''"" + 

- AiCjpffuj^^''d„ujdpU:^^d,uj + 
+ AiC (j ■ j) j^d;7'^'^a,a;a''a;755pa; + 

- 8iCjpj,fuo^P''d„ujdpUO^,^''''d^uj + 
+ AiC (j ■ j) j^d;7'^'^9,c^9pd;757''''9.c^ + 
+ AiCjpffoo^,^P''d„ujd,udpUJ + 

- 4iC (j ■ j) fu-i^-ip^d^udfQdpUj + 



19 



- AiC (j ■ j) j^u^,r''d,ud,ujY''d^u , (B.5) 



+ lQC^ffjprd^Od,cod^coY''dxoo + 

- 8C' (j ■ j) ffd^ood,ujd,ooY"d^uj + 

- 8C2 (j ■ j) ffdpoodpud^ood^uj + 

+ 8^2 (j ■ j) j^j^9^a;75-9pa;9^a;75<9.a; + 

+ 16^2 (j . j) j^fdPcu^,dpud,u^,r''d^oj + 

- 8C' (j ■ jf d>'u-f,d,ud,u-f,Y'dpU + 

- AC^ (j ■ j) ffd^uYd^ojd,u^,d^oj + 

- AC^ffffd^coiud^iodpio^^dxio + 
+ AC^ (j ■ j) j^fd,uYd''cod,coi^d,oj + 

+ 12C2j^j-j^j-9^w7M5.^5p^7<x5Aa; + 
+ 12^2 (j . j) ffd^uYd^cud^uj^^dpUJ + 

- 12C^ (j ■ j) ffd'ooYd^ud^oo^pd^uj + 

- 24C2 (j . j) ffd'^ooYd.ujdpUo^.d^uj + 
+ 8C2 (j ■ j) rrdPu^^d^udpuYd^cu + 

+ mC^fffj^dxco^^daiodpio^5^,d[sooe''^''^ + 
+ 8tC' (j ■ j) ffd^io^^d^iod^oo^.^^dxcoe"''"' + 

+ 8C^ (j ■ jf d'^uYd'ujd^Cj-i.dpOj + 

- 16^2 (j . jf d^uYd'ujdpQ^pd.u + 

- 82^2 (j . j) j'^j'^9pa;7,9Aa;9"a;757p5aC^^'^'''' + 
+ AC^ffffd,Q^^Yd^.ujd„Ql^^xdpUj + 

- 8C2j'^j-j^j-9,a;757p<9^c^9.a;757A5,a; + 
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